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0. Ïîñòàíîâêà çàäà÷è.
ß õîòåë äëÿ ïðîèçâîëüíîé ôóíêöèè f(z) íàéòè ðàçëîæåíèå

f(z) =
∞∑

k=0

ak ln(k + z), (1)

ãäå ak íåêîòîðûå êîýôôèöèåíòû. Ê ñîæàëåíèþ ýòà çàäà÷à îêàçàëàñü ñëèøêîì ñëîæíîé,
ïîýòîìó ÿ ñòàë èññëåäîâàòü ðàçëîæåíèÿ âèäà

f(z) = lim
m→∞

m∑

k=0

ak;m ln(z + k),

ãäå ak;m íåêîòîðûå êîýôôèöèåíòû. Íàçîâåì òàêèå ðàçëîæåíèÿ ëîãàðèôìè÷åñêèìè ðÿäàìè.
Èññëåäîâàíèþ ýòèõ ðÿäîâ è ïîñâÿùåíà ýòà ðàáîòà. Èìåííî ëîãàðèôìè÷åñêèìè ðÿäàìè, à íå
ðÿäàìè âèäà (1), èíòåðåñîâàëèñü äðóãèå ìàòåìàòèêè (ñì. [Se26], [So03], [So05]).

Îñíîâíîé ðåçóëüòàò çàêëþ÷àåòñÿ â íîâûõ äîêàçàòåëüñòâàõ ðàçëîæåíèé íåêîòîðûõ ôóíêöèé
â ëîãàðèôìè÷åñêèå ðÿäû. Êðîìå òîãî ó ìåíÿ åñòü ãèïîòåçà, ÷òî äëÿ òðèãîíîìåòðè÷åñêèõ
ôóíêöèé òàêèõ ðàçëîæåíèé íå ñóùåñòâóåò.

Â ìàòåìàòèêå è ïðèëîæåíèÿõ ÷àñòî âîçíèêàåò òàê íàçûâàåìàÿ ïîñòîÿííàÿ Ýéëåðà γ, ïî
îïðåäåëåíèþ ðàâíàÿ

γ = lim
m→∞

Hm − ln m,

ãäå Hm = 1 + 1/2 + · · ·+ 1/m � ãàðìîíè÷åñêèå ÷èñëà. Ïî àíàëîãèè ìîæíî îïðåäåëèòü ÷èñëà
γn ñëåäóþùèì îáðàçîì

γn = lim
m→∞

(
Hm − 1

n
ln

[(
m + n

n

)])

Îäíèì èç ãëàâíûõ ðåçóëüòàòîâ ÿâëÿåòñÿ ôîðìóëà äëÿ ýòèõ ÷èñåë.

1. Îñíîâíûå ðåçóëüòàòû.
Òåîðåìà 1. Åñëè <(z) > 0, òî

1 = lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1

kz + 1
.

Çàìå÷àíèå 2. Åñëè <(z) > 0, òî

z = lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k
ln(kz + 1) =

∞∑
m=1

m∑

k=1

(
m

k

)
(−1)k+1

m
ln(kz + 1).

Èç äîêàçàòåëüñòâà Òåîðåìû 1 ñëåäóåò, ÷òî äëÿ ëþáîãî z0, <(z0) > 0 ñõîäèìîñòü â Òåîðåìå 1
ðàâíîìåðíà íà îòðåçêå íà÷àëî êîòîðîãî ñîâïàäàåò ñ íà÷àëîì êîîðäèíàò, à êîíåö ñ òî÷êîé z0.
Ñëåäîâàòåëüíî, ïåðâàÿ ôîðìóëà çàìå÷àíèÿ 2 ïîëó÷àåòñÿ (êîìïëåêñíûì) èíòåãðèðîâàíèåì
ôîðìóëû òåîðåìû 1. Äîêàçàòåëüñòâî âòîðîé ôîðìóëû çàìå÷àíèÿ 2 ïðèâåäåíî íèæå. Åñëè
=z = 0 òî âòîðàÿ ôîðìóëà çàìå÷àíèÿ 2 [GS06, Theorem 5.3]. Ñìîòðèòå òàê æå [GS08].

Ïîëîæèâ u = 1, âî âòîðîé ôîðìóëå Çàìå÷àíèÿ 2, ìû ïîëó÷èì:

e =

(
1

1

)1/1 (
22

1 · 3
)1/2 (

23 · 4
1 · 33

)1/3 (
24 · 44

1 · 36 · 5
)1/4

. . .
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Ýòà ôîðìóëà áûëà âïåðâûå ïîëó÷åíà â [So05]

Ñëåäñòâèå 3. Äëÿ äåéñòâèòåëüíûõ u > 0

u = lim
m→∞

m∏

k=1

(k + u)(
m
k)(−1)k+1

=
∞∏

m=0

(
m∏

k=0

(k + u + 1)(
m
k)(−1)k

)
.

Ïîëîæèì, ïîñëåäîâàòåëüíî u = 1, 2, 3 âî âòîðîé ôîðìóëå Ñëåäñòâèÿ 3

1 =
2

1
· 2

3
· 8

9
· 128

135
. . . , 2 =

3

1
· 3

4
· 15

16
· 125

128
. . . , 3 =

4

1
· 4

5
· 24

25
· 864

875
. . . .

Îïðåäåëèì ÷èñëà γn ñëåäóþùèì îáðàçîì

γn =
∞∑

j=1

1/j∫

0

dx

(nx)−1 + 1
=

∞∑
j=1

(
1

j
− 1

n
ln

(
1 +

n

j

))
= lim

m→∞

(
m∑

k=1

1

k
− 1

n
ln

[(
m + n

n

)])

Íàïðèìåð γ1 ýòî ïîñòîÿííàÿ Ýéëåðà.
Òåîðåìà 4.

γn = lim
m→∞

m∑

k=1

(
m

k

)
(−1)k

nk
ln

(
k!

n!

)
.

Èñïîëüçóÿ ýòó ôîðìóëó ìû òàêæå ïîëó÷èì
Ñëåäñòâèå 5.

γ = γ1 =
∞∑

j=1

j∑
i=1

(
j − 1

i− 1

)
(−1)i

j
ln i.

Äîêàçàòåëüñòâî ýòîé ôîðìóëû â [Se26] èñïîëüçóåò àíàëèòè÷åñêîå ïðîäîëæåíèå äçåòà-
ôóíêöèè Ðèìàíà. Ïðèâîäèìîå äîêàçàòåëüñòâî êîðî÷å ïðèâåäåííûõ â [So03], ñì. [So03, remark
before Proof 1].

Ýêñïîíåíöèðóÿ ôîðìóëó ñëåäñòâèÿ 5, ìû ïîëó÷èì:

eγ =

(
2

1

)1/2 (
22

1 · 3
)1/3 (

23 · 4
1 · 33

)1/4 (
24 · 44

1 · 36 · 5
)1/5

...

Ãèïîòåçû.
Ïåðå÷èñëþ áëèçêèå ïðîáëåìû, ïî êîòðûì èìåþòñÿ èäåè, íî ïîêà íåò çíà÷èòåëüíûõ ðåçóëüòàòîâ.

1. Äëÿ äåéñòâèòåëüíûõ ïîëîæèòåëüíûõ ÷èñåë z1, z2

z1z2 = lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k
ln(1 + z1 ln(1 + kz2)).

2. Äëÿ äåéñòâèòåëüíûõ z ≥ 0

∞∑
n=0

(−1)nzn

(n!)2
= lim

m→∞

m∑
n=1

(
m

n

)
(−1)n+1

z(n + 1) + 1
.

3. ln
2

π
= lim

m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k
m∑

n=1

2n−1

n

ln
k!!

(k − 1)!!
=

∞∑
n=1

n∑

k=1

(
n

k

)
(−1)k

2n

(
2

k
− 2

j
− j

k
+ 2

)
ln

k!!

(k − 1)!!
.
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π

2
=

(
2

1

)1/4 (
2342

32

)1/16 (
294583

3793

)1/48 (
221417169

3691227554

)1/128

. . .

Çäåñü k!! = 1 · 3 · 5 · ... · (k− 2) · k äëÿ íå÷åòíîãî k è k!! = 2 · 4 · 6 · ... · (k− 2) · k, äëÿ ÷åòíîãî
k . Ñìîòðèòå òàêæå [So05].

4. Ìîäèôèöèðîâàííàÿ ãèïîòåçà È.Øíóðíèêîâà (ñì. ïîäðîáíåå [Sk09]).
Ïóñòü íà ïëîñêîñòè âûáðàíà ñèñòåìà êîîðäèíàò xOy. Îáîçíà÷èì äëÿ òî÷êè M(x; y) ïëîñêîñòè

÷åðåç Mx := x,My := y. Íàçîâåì ïîñëåäîâàòåëüíîñòü òî÷åê {an}∞n=1 ïîïîëíåííîé ìîëíèåé
åñëè (a2n)x = (a2n+1)x, (a2n−1)y = (a2n)y è an → (0; 0) ïðè n → ∞. Òîãäà äëÿ òîãî, ÷òîáû
íåïðåðûâíàÿ äèôôåðåíöèðóåìàÿ íà ïîïîëíåííîé ìîëíèè {an}∞n=1 ôóíêöèÿ f : {an}∞n=1 → R
ïðåäñòàâëÿëàñü â âèäå f(an) = g((an)x) + h((an)y), ãäå g, h : R → R íåêîòîðûå íåïðåðûâíûå
äèôôåðåíöèðóåìûå ôóíêöèè, íåîáõîäèìî è äîñòàòî÷íî ÷òîáû ïîñëåäîâàòåëüíîñòè

lim
n→∞

∞∑
k=n

|ak|
(an)x

, lim
n→∞

∞∑
k=n

|ak|
(an)y

áûëè îãðàíè÷åííûìè.
Ïðè ïîìîùè ðåäóêöèè ñâîéñòâà äèôôåðåíöèðóåìîñòè áàçèñíîñòè ê óòâåðæäåíèþ î ðÿäàõ

ñ âåùåñòâåííûìè ñëàãàåìûìè ÿ íàäåþñü äîêàçàòü äîñòàòî÷íîñòü â ýòîé ãèïîòåçå.
5. Í.Ã. Ìîùåâèòèí ïîñòàâèë òàêóþ çàäà÷ó: âåðíî ëè, ÷òî äëÿ ëþáîãî ïðîñòîãî ÷èñëà

p ñóùåñòâóåò íàòóðàëüíîå ÷èñëî a < p òàêîå, ÷òî âñå êîýôôèöèåíòû ðàçëîæåíèÿ a/p â
íåïðåðûâíóþ äðîáü íå áîëüøå 3? (Ñì. Ïðèëîæåíèå 1.) Ó ìåíÿ åñòü èäåÿ ðåøåíèÿ ýòîé çàäà÷è,
ñâÿçàííàÿ ñ àñèìïòîòèêîé êîëè÷åñòâà äðîáåé, îáëàäàþùèõ ýòèì ñâîéñòâîì.

Äîêàçàòåëüñòâà.
Äëÿ äîêàçàòåëüñòâà Òåîðåìû 1 è Òåîðåìû 4, íàì ïîíàäîáèòñÿ

Ëåììà 7. Äëÿ ëþáûõ z 6= 0,−1,−2, . . . è m = 1, 2, 3...

m∑

k=0

(
m

k

)
(−1)k

k + z
=

gm(z)

z
ãäå gm(z) :=

m!
m∏

k=1

(z + k)
.

Äîêàçàòåëüñòâî ýòîãî íåñëîæíîãî ôàêòà ìîæåò áûòü íàéäåíî â [Ro06, ñòð. 216, ôîðìóëà
(5.41) â ðóññêîì ïåðåâîäå].

Ëåììà 8. Åñëè <(z) > 0 òî âûðàæåíèå gm(z)/z ñõîäèòñÿ ê 0 ðàâíîìåðíî íà ëó÷å ñ
âåðøèíîé z0 è íàïðàâëÿþùèì âåêòîðîì z0 ïðè m ñòðåìÿùèìñÿ ê áåñêîíå÷íîñòè.

Äîêàçàòåëüñòâî. Èìååì

∣∣∣∣
gm(z)

z

∣∣∣∣ =

∣∣∣∣∣∣∣∣

m!
m∏

k=1

(z + k)

∣∣∣∣∣∣∣∣
=

1

|z|
m∏

k=1

∣∣∣1 +
z

k

∣∣∣
<

1

|z|
m∏

k=1

<
(
1 +

z

k

) =

=
1

|z|
m∏

k=1

(
1 +

<(z)

k

) <
1

|z|<(z)
m∑

k=1

1

k

→
m→∞

0
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Äîêàçàòåëüñòâî Òåîðåìû 1. Èç Ëåììû 3.1 è Ëåììû 3.2 ñëåäóåò, ÷òî

lim
m→∞

m∑

k=0

(
m

k

)
(−1)k

k + z
= 0.

Çàìåíèâ z íà 1
z
è ïîìåíÿâ ïðåäåë ñóììèðîâàíèÿ, ìû ïîëó÷èì

lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1

ku + 1
= 1.

Äëÿ äîêàçûòåëüñòâà Òåîðåìû 4, íàì ïîíàäîáèòñÿ
Ëåììà 9.

lim
m→∞




(
m+k

k

)t/k

m∏
n=1

(
1 + t

n

)


 =

t!

(k!)t/k

Äîêàçàòåëüñòâî. Òàê êàê

lim
m→∞

mt

m∏
n=1

(
1 +

t

n

) = lim
m→∞

mtm!t!

(m + t)!
= t! lim

m→∞
mt

(m + 1)(m + 2) . . . (m + t)
= t!

Òî îñòàëîñü äîêàçàòü, ÷òî

lim
m→∞

[(
m+k

k

)t/k

mt

]
=

1

(k!)t/k

Âîçâåäåì îáå ÷àñòè â ñòåïåíü k/t ïîëó÷èì

lim
m→∞

[(
m+k

k

)

mk

]
=

1

k!

Ïîñëåäíåå âåðíî ò.ê.

lim
m→∞

[(
m+k

k

)

mk

]
= lim

m→∞
m(m + 1) . . . (m + k − 1)

k!mk
=

1

k!

Äîêàçàòåëüñòâî Òåîðåìû 4 Äîêàæåì, ÷òî
m∑

k=1

(
m

k

)
(−1)k+1

kn
ln

(
k!n

n!k

)
(1)
=

(1)
= lim

t→∞

(
m∑

k=1

(
m

k

)
(−1)k+1 ln

((
t + n

n

)1/n
)
−

n∑
j=1

m∑

k=1

(
m

k

)
(−1)k+1

k
ln

(
1 +

k

j

))
(2)
=

(2)
= lim

t→∞

(
ln

((
t + n

n

)1/n
)
−

t∑
j=1

1

j

)
+

∞∑
j=1

1/j∫

0

gm(1/u)du
(3)
= −γn +

∞∑
j=1

1/j∫

0

gm(1/u)du
(∗)→ −γn

Ïðè m →∞.
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Ïåðâîå ðàâåíñòâî ñëåäóåò èç Ëåììû 9 Äîêàæåì âòîðîå ðàâåíñòâî. Ïîëîæèâ z = 1
u
â Ëåììå

7 è ïîìåíÿâ ïðåäåë ñóììèðîâàíèÿ, ïîëó÷èì

1−
m∑

k=1

(
m

k

)
(−1)k+1

ku + 1
= gm(1/u).

Ñëåäîâàòåëüíî (íåñîáñòâåííî) èíòåãðèðóÿ ýòó ôîðìóëó îò 0 äî 1/j, ìû ïîëó÷èì

m∑

k=1

(
m

k

)
(−1)k+1

k
ln

(
1 +

k

j

)
=

1

j
−

1/j∫

0

gm(1/u)du.

Ýòî è òî, ÷òî
m∑

k=1

(
m
k

)
(−1)k+1 = 1 äîêàçûâàåò âòîðîå ðàâåíñòâî.

Òðåòüå ðàâåíñòâî î÷åâèäíî.
Äîêàæåì (*). Èìååì

0 < gm(1/u) <
gm−1(1/u)

1 + 1
m

for 0 < u ≤ 1.

Ñëåäîâàòåëüíî

0 < gm(1/u) ≤ g1(1/u)

(1 + 1
2
)(1 + 1

3
)...(1 + 1

m
)

=
2g1(1/u)

m + 1
for 0 < u ≤ 1.

Äëÿ ëþáîãî m ðÿä â ëåâîé ÷àñòè (*) ñõîäèòñÿ ïî òåîðåìå î ñóììå ïðåäåëîâ. Ñëåäîâàòåëüíî
äëÿ ñóìì Sm â ëåâîé ÷àñòè (*) èìååì

0 < Sm <
2S1

m + 1

m→∞→ 0.

Äëÿ äîêàçàòåëüñòâà Çàìå÷àíèÿ 2, Ñëåäñòâèÿ 3 è Ñëåäñòâèå 5 íàì ïîíàäîáèòñÿ
Ëåììà 10. (

m
k

)

k
=

m∑

n=k

(
n
k

)

n
.

Ýòà ëåììà, êàê è Ëåììà 11 íå ÿâëÿåòñÿ íîâîé, (ñì. íàïðèìåð [Wi09])
Äîêàçàòåëüñòâî. Èìååì

(
m

k

)
=

m−k+1∑
n=1

(
m− n

k − 1

)
=

m∑

n=k

(
n− 1

k − 1

)
= k

m∑

n=k

(
n
k

)

n
.

Çäåñü ïåðâîå ðàâåíñòâî âåðíî, òàê êàê
(

m−n
k−1

)
ðàâíî ÷èñëó k - ïîäìíîæåñòâ {1, 2, . . . ,m} ÷åé

ìèíèìàëüíûé ýëåìåíò åñòü n, âòîðîå ðàâåíñòâî âåðíî, òàê êàê ñëîãàåìûå â îáîèõ ñóììàõ
îäíè è òå æå.

Äîêàçàòåëüñòâî âòîðîé ôîðìóëû Çàìå÷àíèÿ 2.Èñïîëüçóÿ Ëåììó 10, äëÿ Xn,k =
(

n
k

) (−1)k+1

n
ln(ku+

1) èìååì

lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k
ln(ku + 1) = lim

m→∞

m∑

k=1

m∑

n=k

Xn,k =
∞∑

n=1

n∑

k=1

Xn,k. QED
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Äîêàçàòåëüñòâî ïåðâîé ôîðìóëû Ñëåäñòâèÿ 3.Äîêàæåì ëîãàðèôìè÷åñêèé âàðèàíò. Ïîëîæèâ
z = 1

u
â ïåðâîé ôîðìóëå çàìå÷àíèÿ 2, ìû ïîëó÷èì

1

z
= lim

m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k
ln

(
k

z
+ 1

)
.

Ïî Ëåììå 8 ïðåäåë (â Çàìå÷àíèè 2) ñõîäÿòñÿ ðàâíîìåðíî äëÿ z ∈ [z0; +∞], z0 ≥ 0.
Ñëåäîâàòåëüíî èíòåãðèðóÿ ýòî ðàâåíñòâî îò 1 äî u ïî z, ìû ïîëó÷èì

ln u
(1)
= lim

m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k

(
k ln(k + u)− k + u ln

(
k

u
+ 1

))
(2)
=

(2)
= lim

m→∞

m∑

k=1

(
m

k

)
(−1)k+1 ln(k + u)− lim

m→∞

m∑

k=1

(
m

k

)
(−1)k+1+

+u lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1

k
ln

(
k

u
+ 1

)
(3)
= lim

m→∞

m∑

k=1

(
m

k

)
(−1)k+1 ln(k + u).

Ïåðâîå ðàâåíñòâî âåðíî, òàê êàê
u∫

1

dz

z
= ln u,

u∫

1

ln(
k

z
+ 1)dz = (k + u) ln(k + u)− k + u ln u = k ln(k + u)− k + u ln

(
k

u
+ 1

)

Âòîðîå ðàâåíñòâî î÷åâèäíî. Òðåòüå ðàâåíñòâî ñëåäóåò èç ïåðâîé ôîðìóëû Çàìå÷àíèÿ 2 è
òîãî, ÷òî

m∑

k=1

(
m

k

)
(−1)k+1 = 1. QED.

Äîêàçàòåëüñòâî âòîðîé ôîðìóëû ñëåäñòâèÿ 3.Äîêàæåì ëîãàðèôìè÷åñêèé âàðèíò. Èñïîëüçóÿ
Ëåììó 10, äëÿ ak = ln(k + u) ìû ïîëó÷èì

lim
m→∞

m∑

k=1

(
m

k

)
(−1)k+1ak = lim

m→∞

m∑

k=1

m∑

n=k

(
n

k

)
(−1)k+1 k

n
ak =

=
∑

1≤k≤n<∞

(
n− 1

k − 1

)
(−1)k+1ak =

∞∑
n=1

n∑

k=1

(
n− 1

k − 1

)
(−1)k+1ak =

=
∞∑

n=0

n∑

k=0

(
n

k

)
(−1)kak+1. QED

Äëÿ äîêàçàòåëüñòâà Ñëåäñòâèÿ 5, íàì ïîíàäîáèòñÿ
Ëåììà 11.

j∑

k=n

(−1)k+n

(
j

k

)
=

(
j − 1

n− 1

)
.

Äîêàçàòåëüñòâî. Äîêàæåì èíäóêöèåé ïî n. Áàçà èíäóêöèè ïðè n = 1 î÷åâèäíà.
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Äîêàæåì øàã èíäóêöèè. Ïî ïðàâèëó Ïàñêàëÿ, èìååì:
j∑

k=n+1

(
j

k

)
(−1)k+n =

j∑

k=n

(
j

k

)
(−1)k+n −

(
j

n

)
=

(
j − 1

n− 1

)
−

(
j

n

)
=

=

(
j − 1

n

)
. QED

Äîêàçàòåëüñòâî ñëåäñòâèÿ 5.

γ
(1)
= lim

m→∞

m∑

k=1

(
m

k

)
(−1)k

k
ln(k!)

(2)
= lim

m→∞

m∑

k=1

(−1)k

(
m∑

j=k

(
j

k

)
1

j

)
·

·
(

k∑
n=1

ln n

)
(3)
= lim

m→∞

m∑

k=1

m∑

j=k

k∑
n=1

akjn
(4)
= lim

m→∞

∑

1≤n≤k≤j≤m

akjn
(5)
=

(5)
= lim

m→∞

m∑
j=1

j∑
n=1

j∑

k=n

akjn
(6)
=

∞∑
j=1

j∑
n=1

(−1)n

j

(
j − 1

n− 1

)
ln n.

Çäåñü akjn =
(

j
k

) (−1)k

j
ln n. Ïåðâîå ðàâåíñòâî ñëåäóåò èç Òåîðåìû 4. Âòîðîå ðàâåíñòâî ñëåäóåò

èç Ëåììû 10. Òðåòüå, ×åòâåðòîå è ïÿòîå ðàâåíñòâî î÷åâèäíû. Øåñòîå ðàâåíñòâî ñëåäóåò èç
Ëåììû 11. QED
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